We give an unconditional proof of the André-Oort conjecture for Hilbert modular surfaces asserting that an algebraic curve contained in such a surface and containing an infinite set of special points, is special. The proof relies on a combination of Galois-theoretic techniques and results from the theory of o-minimal structures.
Introduction
The purpose of this paper is to prove the following special case of the André-Oort conjecture
Theorem 1.1. Let S be a Hilbert modular surface and C ⊂ S an irreducible algebraic curve containing an infinite set of special points. Then C is a special subvariety of S.
We refer to [3] for the notions of special points and special subvarieties. For background on Hilbert modular surfaces we refer to [3] and [17] . For generalities, history and results obtained so far on the André-Oort conjecture, we refer to [18, 19] and [8] .
Theorem 1.1 was proved by Edixhoven in [3] under the assumption of the Generalised Riemann Hypothesis. Recently Klingler, Ullmo and the second author proved the André-Oort conjecture in full generality under the assumption of the GRH (see [6] and [15] ). In this paper we give an unconditional proof of the André-Oort conjecture for Hilbert modular surfaces using the ideas of Pila (see [11] and [13] ) and results of Peterzil-Starchenko, Pila-Wilkie, Edixhoven, Ullmo and the second author.
Let us briefly outline the strategy. Let F be a real quadratic field, O F its ring of integers and := SL 2 (O F ). By Hilbert modular surface we mean S = \H 2 . This is a connected component of the Shimura variety
The André-Oort conjecture for such quotients is equivalent to the one for S (see Proposition 2.1 of [4] ). Furthermore, as a subvariety is special if and only if irreducible components of its images by Hecke correspondences are special, the statement holds for a curve contained in any component of Sh K (G, X ).
Let us outline our strategy. The Shimura variety Sh K (G, X ) is a coarse moduli space for pairs (A, i) where A is an abelian surface and i : O F −→ End(A) is a morphism. It admits a canonical model over Q and S is defined over a certain explicit abelian extension. Let π : H 2 −→ S be the uniformisation map. We choose a certain fundamental set F ⊂ H 2 (actually a certain part thereof) for the action of . Let C be a curve in S containing an infinite set of special points (in particular C is defined over a number field). We let Z := π −1 C ∩ F and Z alg the algebraic part of Z i.e. the union of all real connected semi-algebraic subsets of positive dimension contained in Z when H × H is viewed as a subset of R 4 . Suppose that C is not special. A result of Ullmo and the second author then implies that Z alg contains no special points (see Sect. 3). A theorem of Peterzil and Starchenko shows that Z is definable in a certain o-minimal structure on R 4 (see Sect. 4). Then, by a theorem of Pila and Wilkie, the number of algebraic points on Z of degree at most four and up to a height T is T for any > 0. For a special point x of S, we let (A x , i x ) be the corresponding pair as above. The ring End O F (A x ) of endomorphisms commuting with the action of O F is an order in a totally imaginary quadratic extension of F. We let d x := |Disc(End O F (A x ))|. In Sect. 2 we show that the height of a special point in F is bounded by a power of its discriminant. Hence Pila-Wilkie's result shows that the size of the Galois orbit of the special point x is d x where d x is the discriminant of x and can be chosen arbitrary small. This contradicts the result of Edixhoven who showed that the size of the Galois orbit is d 1/8
x . It seems very likely that the methods of this paper generalise to the mixed case i.e. the analog of the André-Oort conjecture for the universal abelian scheme over a Hilbert modular surface. To generalise the result to the case of Hilbert modular varieties of higher dimension, one needs unconditional lower bounds for the Galois orbits of special points in terms of a positive power of the discriminant. Obtaining such bounds seems to be a very hard problem.
We would like to express our thanks to Jonathan Pila for explaining his method to us and for interesting discussions on the subject of this paper. We are extremely grateful fo Emmanuel Ullmo for several very useful discussions and remarks.
Bounds on the heights of special points
In this section we give upper bounds on the height of coordinates of special points contained in a certain fundamental set in terms of 'their discriminant'. For an element α of F, we denote by α the image of α by the non-trivial automorphism of F. A point z = (z 1 , z 2 ) of H 2 is called special if π(z) is a special point of S. Let z = (z 1 , z 2 ) be a special point in H 2 . Then z is fixed by a certain semisimple element of SL 2 (F). From this it immediately follows that z 1 satisfies an equation az 2 1 + bz 1 + c = 0 with a, b, c ∈ O F and z 2 satisfies a z 2 2 + b z 2 + c = 0. The field K = F(z 1 ) is an imaginary quadratic extension of F.
